Graduate Preliminary Examination, Thursday, January 8, 2015 - Part [ 2

Section A. Mechanics

1. (Precession due the Sun’s oblateness) In addition to the celebrated relativistic effect,
the precession of the perihelion of Mercury can be affected by the deviation in the
Sun’s mass distribution from spherical symmetry, caused by Sun’s rotation around its
axis. The distortion creates a small correction to the gravitational potential, which
along the plane perpendicular to the axis of rotation is:
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where G is the gravitational constant, M and m are the masses of the Sun and Mercury
respectively, A is a small (dimensionfull) parameter, and the power is n > 1.

(a) Calculate the orbital angular velocity, we,, for an orbit which is close to circular,
at radius r, and lies within the plane perpendicular to the axis.

(b) Write down the effective potential for radial motion and calculate the frequency
of small oscillations about its minimum, wysc, in terms r and the variables defined
above.

(c¢) From (a) and (b) find the approximate rate of precession of the perihelion (the
point of closest approach) for a slightly elliptical orbit with an average radius r.

(d) Depending on the sign of A the precession may be in the same direction as the
orbital angular velocity, or opposite to it. Which is it for A > 07

(e) What is the value of n and the sign of A for the correction due to the Sun’s mass
quadrupole moment, if that is caused by oblateness (the sun’s polar axis being
shorter than its equatorial diameter)?
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